(ombinadocics offhe
Coircidentn]
ReMection. Groups

\ic Keinex
(niv. of Minnesota

by 5 2017
FPSAC in Lpbljwa.



PSAs:



PSAs:

FFSAC 2011
ofgamiiﬂf sV






o Rellection o>

and Hheir
® \\/ho orethe a)imiolen{n]s 0



o Rellechon grovps
Whet's ~yeecbor 7

A reol eHecbon e GLOV)
V=R~

os H= VeVt )

o dimension v~1, 7
ard rlegoctes the jie \/ ™

{,p(iagona/"\ées &

N _
T o=
RTINS

L O

(i



x yeHecbor. e GU:\I)

(t'ltgeudo D, V—
has {nr‘:e, ovdex; andk mﬁmw

H= \/ of dimemsion 1-1.

Sot dla@omha&s bo

5

O'—-O

a

|

0

O
o%.

¢ an
r\vof“ ol- Wn}lij

His QOJU the.

V&plecrh\'lj hyperplare. ot



A @M&x) reflecton group is a

fnte subgrowp'W CGL),V=C

premizol by reflecbons. )

Wy et W is reducible
(= V@V with

W e QLY ) *GLAL)
- \/" V;

:i\va ’[CCS-
l\/zL_O |

and ireducible dherwise




The. inveducible rehecton 3
Laere oSSt 193 ﬂmuf

o One iniindle ﬁrm}j (3(dk, ej@
_ 1' i manomial m%’g;;fféf-i]

nonzero enties (e
o [sroa(mcﬁ a d% roct-of-

- 3
00
o, <




Wh d'lolﬁhe{)\nwm{
“T classty 7
wﬁe backwud imprmk?m fere.:

When a.—ﬁw;]:e Sui

aubskibcbons f vriables ~ﬂ:.:,
\W-nvom it &Abalgeb)ra,

| Sﬁ;ﬁ(ﬁeg )=t (?Q}

s selé Poljnomml SW:.(E[—F,.)...—P]

=
W (S mreﬁechonsvﬂ,tp



— |\ . W @ 4)"') n WE
LLlQ E’\:)-“) n N (S = lf{ 4p l

om e their mylbsebat
h >

éi I . .

5 gdmV) = (1,+ea>
P

where €, .en) =(dets -, A,lq)

W.
are called Hhe exponents of




’\Fm IS St low- nu\m%l% deMy:ﬂ
the co-exporents (ef,.--,e,f),
vohich, are, the roets of e

CWMASEV‘ ) S—[j c Fo\vwomi al

X(/‘w%) = > f{(\o/:x) %ﬂam@
XeAy)

where D{CAW) 1sthe \Poszt dall

K=tin..nH;

ersechons






QOURCES gc\rspeoboftﬂws

convex polyopes Y < K=
it e symme S'U‘PWCGLN>
hwnstbve oniecimel 5 €F doces

vertex rowon. ‘Fulclet

W=D \4,;‘7 _
Piin g \-\ @




:' \ =t with linewr mmzﬁg
b \%{CGLL\I ) ‘lrw/ﬁnyfhve on
W ‘HGSS Fche.. . <Fad )am(

Mekivio] *Hath vaEc.:EEd a(ovlﬂriclﬂef ;
Fc;CFlC' <k &FLQF&\C' <h

1 oy
=2

>
A A

Q“’?@” cR<C

are‘lrcqular(?%'b?e

mr‘\bontfa- Z ~ G’.L

%r&‘n‘ﬂ" ) -V

v




.‘Hﬂ‘& Q)dﬁf 8 YOL\f,S (= real 'éfolafcfan)
_ ?_“:l ’v’l.
\A/ — < % \ ﬁ‘£=s:‘sis.... > U'H"
Ty mi"\e{als;q,--}

[ouSay o) "y "

w2 CUXC[ffdiﬁdmm <7

Y (oxeter oom‘ylex -
h;&bchvges
o e e
omitsphere N

(Pm[V\/have ¢ -e, CO'QE"Q’QSWE)






‘Reﬁu\\aw comlex Folgbpes shll have &

(vt -Jgphant- Mo Fiber aomlJ?X
= ovole/rcomplex e ?ﬂsdf’d' foes

ondt & Alaﬁfwﬂﬂ Pﬁf

W= Bl/ca Gai?

L
W=G(z,2)
T




THEOREM

e DR te

° gjmtv\ebfiu GF f@ﬂ\]ﬁ'f
ponflex o
(- Sy greaps)



® | s & alaebr

nowe 9;:{;? &j;(femﬁj Hﬁ 4 Vense
[ 'Wfﬁ
(b s

presenving & Sl vank. |obtice Z" <R'=V

M ol T " s gl
N ‘S 7! _
- | L)/a.wr ) '{Dm rVVer(S

(etlect g

;ﬂ\\ i




Wy rougs hae, rgd;i;og’et [

Ja+20l,
\ I
L1 e Bty
w /4/ |
) t 20, *dl,
\‘ oy Jol 0y / \
¥ Y,
V' Py % )

uihose ok Sizes ré-e)(pveSS'ﬂle/

o(l

ex\aonm‘ts as teir dual Farjdbon/

rank $12e$
3:!,+:.o(2 1
| 2 i
MToLl 1 1 1
20 +d, q \ dllﬁ\ 3
|
/d(-(-o(; 1 ex?om“ts (e"ea)
\o( 2 = (4 ,5)
)




® \/ho arethe @muolen&fs ?

DEFINITION

WEGUY), V=€
@VL'\WEd\LCJIO’Q \(é"("ledjo‘ﬂ ﬂm"“o
(s aainoidenbl T

5&76 " e7u.iVa|ent oondib’msy



So who awe J&\eﬂ rm”ﬂ {
The Siephard grougs exeet Fo,Hy.
ReAL CoMPLEX
| OpON©)
B, @i’.@__@ ’@ G(‘{;“f‘)
g OO
H, @@
1) 0
e i R

Cctudat: Qo) oot

en z2



What’s so opod oot Hevn 7

Thaj anre h@féﬁtlj@tﬂ
Foraite 2ol or Shq}?m' AT i W
it Vinor-hber compex A\, and Y

retlectna hwperplore call 2 e 2l -

@% 4 () &©
A A
Vi W \/I wﬂH

A vesl ceflechon grovp W has
Ay S Wis coinciderttal
A Shehord group W hasvery ol

AynH containing some Dy @ & Ll-dim] subomglex
& Wis coimidzvfl'l«\

e»lequJ wall 2,,nH




Mere Qem{a" foronv;
, riesaction
X- Hb'\f\...na,z of@ékv\\jwwﬁ
cans)i(derw&le @shicion anan n
}ALW:—% XH: Ha@ﬂec’d;gru’“f*““e%’wj

m [11)1( >€z>" ')éZ!'(mX} e m“d-a\e
Oclik- Solomon e()c%f))ne/‘(ﬁ o X



raml aw\ol
’Hﬂé Drlik-Salomon aponegr

{Q’X) >"‘)gdmx} dﬁfﬁ/d oy on d\”‘x
<> Wscomd
nfpt, amoyg MQII‘W oroaps
oné ”RS ‘ﬂ’lﬂc& &E Orlik-golomon ex‘mm S

fe,) 2, u(. }"{"a ? dm)(} VX

the dimX smallest
Coexponents kw




The Gircidentals e, Pmdluo‘boherfb@( -
REFLECTION FAClIT' ORIZATIONS

b real veflechon qrougs (W S)

 Conder demert is = S5
hpving endesr 1=, e Cortor numLex

Teadl o Aormula o GW@OL/) 53
%chméa phS nl W
:\:-{ | C’t{gtﬁ L - IV\/l




golve_ A lrECLWSIoNn on{fp,
COXE"T’( oﬁag\mm 'GY CV\/J S) b M ‘)uth/
e wiore cfm/al quant

an foctori 2byS C= dft;g\ b
‘[3 ) f69€Cﬁm5 5 codlim (Va'){- k+ M[;m(\jb) _-..%
wnd noted
This ‘i“’”‘“ﬂ olmosthas dofomula

n

) ok 1T (hdy

IWI =kt

hidt 15 coviect <> W s arddertal

Ezq)]qm@k work of

uhythis follous fom Oriik-Sdomma(Fonan‘ts
f e.",ef Qi‘,mx} quiwg 0n|3 on dim X .

,0)




T-VECTORS Ap h-VECTORS
’-Eemﬂ%l Cg’;”l""ft%ﬂnm[n—ﬁr

Y?Za( reqe 48 Dro s W
C.O’:L(\I\O _,l— [,H' d‘ WoAna (M;Xr:s) (in)
W-Cotalon =l . : -1 (Qn
numben”

W-cluster/ W- Cmv\b\nan com(ob)(es

F°‘" n- He\lmﬂy ‘&a mﬂ

Z’i = ‘

- oonpe (1963) <fFpelgeope




hat obout: ther face rumbers
e ﬁleﬁ | 10~V5C'h9‘f %ﬂj{:‘g)“}(}”) 2

WA, @@ P=Bh fah)

= (4.2 9, 4)
‘&‘ — ( (W‘%VISZ—)II— ég@) o
[N e o ke

As;oa'ahed"”'-/ L ‘A\Q N4 R+)

N=D; ete-®



Mamatvd dy, Wt abot-thei
h-vectors "1y = (hs 1,y - l"—n)
ek b
paa T her 7

k=0 le=0
(t291) = h= (16,6,
boihh)  =(ehhb)
Associohedron 1M nhm
A

”\ £=osoan ) h=(4%2 1)
NG

Cvdohedﬂ/m, (t)i



ave o [ecwziov
oAdeque(zrd mAirF(ws)Jm
FA—J;Q (? YOl/Vit'\
then cbserved..
-"W\eg olmost have {)zm(ME\TrDVMulas
n-k
il bt d
ORI
LL 5 h AW«I—-L
( ) = d’l

whi e
coviect & W is comcidental




\We widarstmd-His row (shSkHJ) Yeltey

The f-vectoris
-grr:ddi::%\h-t W
‘I’L‘ {HJE( Sw%;i{: @K\/} , %JZ)} J;\:iu

Comlex reffechon groups W hwzv‘gl'ls product fornula
Hk (Senvie V), 3.8
- g(¢ ) T Ted
“ Te-4°)
— W is cdmcjdeﬂ'liﬂ\.
) For comncidevttal W

a:ﬁ)r L veristo oe
%Pﬁﬁtiww;ém'ﬁeoﬁﬂ fransformetion.




\W - bi CATALAI\I NMBERS

(W) = Tl’

k-l— d(,

mfon'\\j cOUMLD

el W- dm//cmbmw 5, b

dso artichains VL‘H'\&VDW fmet [
-Nat—%f\;"\\\ 7q/‘+°l-1 atoly f‘*rI""‘a}I
KK&\ | %) &/ \d T4,90]
V=", 1 2/ \

~%a + ) (%)
5 maximal cones CPW \¢/
\W: A @_@ 5 anti cka';ns
h éw



THEOREM (Bamor&??mofmija?i@
#hm(im«l covies 'ﬁle LoMvon : ewevft
ot the (ambn s o v & .laiparb"f
rcrclorert; €515 JT%
wd tts owog&a/eegmave%n
— frouibichons v dobed A ?Uff
= liCaHW)  WobGdxbn

=7 Zl A& Jonbld st
NG ({7 =t
v \v — "(V.-l-d&) {o(‘-(-ola_‘]
A | e
— ‘% "‘: Q woximal 6 VAL AN y
(:/S a)\))\ antidvins {“Q /{ a5
v —




weTprmulas for
bilEW) for dll rgal reﬂzcﬁo‘f \/\/)
ouck Soserve -Hﬂaﬂrjdaef()mdmc formulo

’ﬂ"h-pe 1

A1

< almost \O|C0:|f(\/\/) amek
ODWec‘]S <—7 \/\/ 1S CO\\AOJQV\'{:a|.

Eq A, has s (e,,,)=(1,2)
3 AF(;L/'B‘; E1=3, so

“hae, 1 (3+\—1) ’.‘>+2-> _J- .
-, & .
gt CaJC(A 2)

n




® T wincidenisls ['laA/e,"OGII)?me{;g[

52 8 B

voot posets @, dor vm'urjsb\l\‘z]hiC

reol :,d\nqa\eyvlz:l —bjyes : y

T = ' EE = / \. /
%@«) i —H, \./. \
AN VAN

: A VDPW l:le S—&Y‘
‘Oafw ?Z-Jl PAMI 1 rankssizes dff_ﬁfd
(k)= [T =otichans w2,

L

- Te M-—ixiaVﬁle rumerkgy &






amaker-P Pactrios- “fechenik-Williams .10/6)

Their root ';usdu T howe (Mtuumde) doppelqang “gL
e
Coincidertal §+ minusonle
W W Aoppel ganger
i |
. P
) /l N / ’
/
/
p
H | & @
NN\
AN )
b | @
Ao /<§2>\ §g>
4



o The coincidentals 2 Mic. |
GK'UM sense o dﬂm )

CLUSTERS » MULTI-CLSTERS

Fpr r@q| re{: l-cc_bOVl JM-{st the ?roolucj?

M\l\/ Ched;1,  W-:Cibalan
g)= TT m% ;

Neimdm *'e“"ﬂﬁﬁ"eﬂcoebﬁﬁgi?& Tm
mmrvoJ Joes of the \- chulzr/(’wvbnan comglex:

%" il B ) — QHW) oot
v T)’z*( =

\ahjgek fhis T just rdnizs‘lynmgda:ﬁons

3 @ o




What oot nov-eximal oces
—ch nobwol cs—amadojue
'Fk(%)z [Hi"{ (S@)/\V*tx) /’f\/)w, z,*i)] oo ‘im
< W is wowel deritnl

(19 {t]%ﬁ(%})

Ve di oleC% dedebworks do- Hs
nor-that it faits for By, B, B, £ By




The. BT (P resuft los @ oon
6@@(@“&5804 ‘an wyﬂecm‘

o maimaldaces d%m with

WWaW\a.l’ElﬁeS g YV\(AHJ -d




T§,mmﬂows 8 RDWMOTION]
sof
© dwpc(qhwﬁfrk gF re-irdprpets
mutha‘l:(\(\/ﬂg [ af'ﬂ Z‘iH
where g ms'ﬁlmwjh e set
i’P,_ onS S ?f -—7{ }

R OE #(@3

I and [f] = 256,
hese ,_Fg.,rlrbovns hawe. m&mmk*@ﬁ’ﬂ
i )a[-oro'erl




WHAT IS GOING

ON WITH THE
( DINCIDENTALS

[







