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Set-Partition Tableaux

Integer Partition:
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Set Partition:

2,3}, {4}.{5,7,9},
{1,6,10}, {11}, {12},
8,13}, {14}, {16},
15,17}

Organization:

I. Origins: Representation
Theory of the Symmetric
Group

[1. Schur-Weyl Duality: The
Partition Algebra and
Other Diagram Algebras

[1l. Insertion Bijections
May 2016:

[Benkart-H-Harmon] Dimensions of
irreducible modules ...

[Orellana-Zabrocki] Symmetric
group characters as symmettric
functions



|. Symmetric Group Tensor Power Representations



Origins: The Symmetric Group S,

» M, = n-dimensional permutation module
~ SEl:D]]] @ SE

> Basis: vi,Va,...,V, with group action: o(v;) = v,

» S* = irreducible CS,-module, A+ n

n

» M®k = k-fold tensor product module

» Diagonal action on basis of simple tensors:
o(Viy @V, ® - BV}, ) = Vo (i) @ Vg(i) @+ @ V(i)

Determine the multiplicity m7  in the decomposition:
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Method 1: Restriction-Induction

Tensor Identity: tensoring with the permutation module is the
same as restriction and induction

Sy ®M, = Ind2" Res” (S))
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Bratteli Diagram: B(Ss, S;) for Mg
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Vacillating Tableaux

A vacillating tableaux of shape A F n is a sequence of partitions for
which

)\H_% =) —0 and )‘i+1:)‘i+%+D'

Example: A vacillating tableaux of length 6 and shape L

0
NN SN N /N
mamamamaa::aa::

The multiplicity of S in M®* is given by

mf(‘,,, = # vacillating tableaux of length k and shape A.




Method 2: Decompose M®* into Permutation Modules

» Diagonal Action:

o(Va ® Va ® Vb ® Va ® Vb ® Ve ® Vd ® Vc)

= Vo (2) ®@Vo(2) @Va(b) ®Vo(a) @ Va(b) ® Vo(c) ®Vo(d) ® Vo(c)
1 3 4 5 6 7 8

A RS R

> Partition tensor positions: P ={1,2,4|3,5|6,8|7}:
vi = v, iff j~{in P

» As a,b,c,d vary over distinct elements of {1,...,n}, these
simple tensors span a submodule isomorphic to the
permutation module

M(n74,1,1,1,1) — |nd§" (1)

n—a X 1X51><51><S1



Decompose M%¥ into Permutation Modules

M('?k o é { /; } M(I‘l—t,lt) = é { lt('} @ K)\7(n_t71t)5f7\

t=0 An

N@@{ }f)\/n g

t=0 AFn

k .. .
> { t} = # set partitions of {1,...,k} into t subsets (stiing 2

> K, (n—t,1t) = Kostka number = #semistandard tableaux of
shape A filled with 0,...,0,1,2, ...t
~—

o ~O
[} =]
o W

> Example: has A = (5,4,2,1),n =12, t = 9.

N RO

> Ky (n—t,1t) = fA(n=t) — 4 standard tableaux shape \/(n — t)



Decompose M%¥ into Permutation Modules

M®kw@@{ }f)\/n t)s)\

AFn t=0

[k n— P = partition of {1,..., k} into t part
mi\,n:Z{ }f/\/( t):#{(P’ T)‘ partition of { } into t parts }

— Ut T= standard tableau of shape \/(n — t)

Example. A standard set-partition tableau of shape A\ = (5,4,2,1)

P = {1,6]4,7,9,102,11,12|8,14/15,165, 13,18|3,17,19|20} ¢t = 8.

3,17,@\
T— | 1,6 14,7,9105,613,18/ 20
2,11,12] 8,14 n=12
15,16




Set-Partition Tableaux <— Vacillating Tableaux

m

A
k

,n

Standard set-partition
=# tableaux of shape

A/ (n— k)

27

Vacillating tableaux
=# of length k
and shape A
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[I. Schur-Weyl Duality and the Partition Algebra



Centralizer Algebra of S, on M%k

Centralizer Algebra:

Zk n = Endg, (M%)

Schur-Weyl Duality:

Rk ~ A A
Mn - @mk,nsn
Abn

as an S,-module

{¢ € End(ME¥) | ¢o(x) = 0¢(x), 0 € s,,}

Pz,

AFn

as a Zy ,-module

> mi‘yn = mult,(S)) = dim(Zi‘,n) =
#(Standard Set-Partition Tableaux)

> A =dim(S)) = muIt(Zl)(‘m) = # (Standard Tableaux)

Artin-Wedderburn theory:  dim(Zy ) = z:(mi"n)2

AFn



Bratteli Diagram: B(Se, S5) = B(Zks)

Sum of Squares

k=0 I (Bell No's)
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k=.5 mEmnn]
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Partition Algebra Py(n) [P.P. Martin, V.F.R. Jones, ~1993]
Basis of set partitions of {1,...,k, 1", ... k'}.
1 2 3 4 5 6 7 8

7”\ (1,3,4),{2,1'}, {4,5,7},
22< {6 81, {8,6'), (2,3}, {5/, 7'} }
1/ 2/ 3/ 4/ 5/ 6/ 7/ 8/

Multiplication given by diagram concatenation:

Generated by 3 types of diagrams:

TXTID T TTTH T

£ o



Action of P,(n) on Tensor Space M%*

Transposition: » Commutes with S,:
®k
U; Up U3 Us U5 Ug V7 Vg Py(n) — Ends,(M7¥)
> is surjective
> it is injective if n > 2k
up uz Uz ug Ug U7 Ug the stable case

> kernel? [Benkart-H'19]

Up Uz U3 y U4 Ug V7 Vg

Y n
I I I o I I I I v:Zv; projection onto trivial module

U3 U2 U3z Ug Us U U7 Uug i=1

6U4,U5 U; U2 U3 Ug Ug U V7 Vg

[TITHITT]

U3 U2 U3 Ug Us U U7



Irreducible Modules for the Partition Algebra

Schur-Weyl Duality: MZ* = Hm; s) =~ P}
AFn AFn
———

as an Sp-module  as a Py (n)-module

> mi‘m = dim(P}) = #(Standard Set-Partition Tableaux)
> 2 = dim(S)) = # (Standard Tableaux)

The irreducible partition algebra module:

P) = C-span {VT ’ Te {standard set—partltlon} }

tableaux of shape A

Is there a combinatorial action analogous to Young's repre-
sentations of S, on standard tableaux?




Action on Basis Indexed by Set-Partition Tableaux

[H-Jacobson, 2018]
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Action of Generators [1I X111 TTT.TTTL TTTHITI
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Action of Generators [TI1 X111 TI1.1111 TTTHITI
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Action of Generators [1I X111 TTT.TTTL TTTHITI

123 4567 89

/53] ZIn
1.2 ‘4 |'6 = [1235/4 |6
87,9 8 |7,9
1 23 45 6 7 89
/ .../I‘3,5| |3’5|
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Brauer Algebra
(matchings)

AT A

[1,5[6,9]

2047
3(8

Rook Brauer Algebra

(partial matchings)
[ ] [ ] o o

e o
Te[n4]s[69]

Restricts Naturally to Subalgebras of the Partition Algebra

Temperley-Lieb
pIanar matchings)

N A ]

--2,3[1,5]8,9]

Motzkin Algebra
(planar partial matchings)

JAN

[3.4]s]8]7.9]




Restricts Naturally to Subalgebras of the Partition Algebra

Symmetric Group Identity
(permutations) (planar permutations)
[ | [ |
112(5(8 112(314]5(6]17(8]9
31419
6|7
Rook Monoid Planar Rook Monoid
(partial permutations) (planar partial permutations)
e o
N SN V7N
- [3]4]5]7] - [1]2]3]s]6]9]
218 41718




[Il. Insertion Bijections



1. Insertion Bijections: dim(Px(n)) = z:(mﬁ,,,)2
AFn
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Generalized permutation of {56} 0 0
propagating blocks: 2 - 55 23

— (23 o )

{5,6} {2} {4} B > 23
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i3 5]
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Many Nice Properties

here are a few

1. Reflect the diagram over its horizontal axis:

= SR A = k)
flip(d) = ’\Kq\\ — (Q,P)

2. Consequence: |{symmetric diagrams}| =, dim(P}).
Implies: a “model” representation on symmetric diagrams
([H-Reeks'15]).

3. Respects subalgebras:

[1.5]6.9]

™
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