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On the Schur positivity of sums of power sums
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Abstract. Let T be a nonempty subset of positive integers and p, the nth power sum
symmetric function. Consider the multiplicity-free sum of power sums FI = ¥, ,, x,
where the sum ranges over all partitions of n with parts in the set T. We define a new
symmetric function fr and give two descriptions of the (possibly virtual) symmetric
group representation associated to the series [T,cr(1 — pu) ' = L0 F! : one in terms
of the Lie representation, and another as the symmetric or exterior power of (again
possibly virtual) modules induced from centralisers of the symmetric group.

When T = {1}, the degree n term of fr reduces to the Frobenius characteristic of
the Lie representation Lie,. At the other extreme, when T is the set of all positive
integers, it is the conjugacy action of S,. The function fr allows us to unify previous
results on the Schur positivity of multiplicity-free sums of power sums, as well as
investigate new ones. We also uncover some curious plethystic relationships between
the conjugacy action and the Lie representation.

Finally we establish some special cases of an earlier conjecture of this author on the
Schur positivity of sums of power sums in the intervals [(1"), ] in reverse lexico-
graphic order.

Keywords: Schur positivity, plethysm, Lie representation, conjugacy action, symmetric
and exterior powers

1 Introduction

In this paper we investigate the positivity of the row sums in the character table of
Sy. For each irreducible character x* indexed by a partition A of 1, and any subset T
of the conjugacy classes, one can form the sum } 1 x* (), and ask when this sum is
nonnegative. In the language of symmetric functions, one asks for what subsets T of
partitions of 7 the sum of power sums }_,c7 py is the Frobenius characteristic of a true
representation of S;, i.e. a symmetric function with nonnegative integer coefficients in
the basis of Schur functions. A method for generating such classes of subsets T was
presented in [7].
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We present a new approach to the Schur positivity problem for power sums. Specifi-
cally, we give a general formula which expresses the product [T,,c7(1 — pn) ! as a sym-
metrised module over a sequence of possibly virtual representations f,, having the spe-
cific property that their characters vanish unless the conjugacy class has all cycles of
equal length. The goal then is to determine for what choices of the set T the f are true
Sp-modules, thereby establishing the Schur positivity of the product [T,er(1 — pu) L.
The module Lie;, the S,-module afforded by the multilinear component of the free Lie
algebra on n generators, plays a prominent role in the construction. In particular we
describe simple relationships (see Theorem 3.3 and equations (3.6) and (3.9) with g = 2)
between Lie,, the conjugacy action, and the variant Lieglz). This variant was the subject
of [5], and was shown to have remarkable properties in [8].

In the course of these calculations many interesting plethystic identities emerge, as

well as many new conjectures on Schur positivity.

2 Preliminaries

Recall [2] that the S;,-module Lie, is the action of S, on the multilinear component of the
free Lie algebra, and coincides with the induced representation exp(%) Tg’;, where C,
is the cyclic group generated by an n-cycle in S,,.

Another module that will be of interest is the S,-module Conj, afforded by the con-
jugacy action of S, on the class of n-cycles. Clearly we have Conj, ~ 1 Té’; .

We follow [1] and [4] for notation regarding symmetric functions. In particular, h;,,
ey, and p;, denote respectively the complete homogeneous, elementary and power sum
symmetric functions. If ch is the Frobenius characteristic map from the representation
ring of the symmetric group S, to the ring of symmetric functions with real coefficients,
then h, = ch(1s,) is the characteristic of the trivial representation, and e, = ch(sgng )
is the characteristic of the sign representation of S,. If u is a partition of n then define
pPu = Ili pu;; hy and e, are defined multiplicatively in analogous fashion. As in [1], the
Schur function s, indexed by the partition y is the Frobenius characteristic of the S,,-
irreducible indexed by u. Finally, w is the involution on the ring of symmetric functions
which takes h;, to e;, corresponding to tensoring with the sign representation.

By a slight abuse of notation we will also write Lie, (resp. Conj,) to mean the Frobe-
nius characteristic of the representation Lie, (resp. Conjy,). Let y(d) denote the number-
theoretic Mobius function, and ¢(d) the Euler totient function. The following facts are
well known (see [2]).
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) 1 n
Lie, = ch exp(T) T‘é’; = ZZy(d)pg; (2.1)

d|n

(2.2)

(ISP

. 1
Conj, = ch1 12 = EZ‘P(”Z)V
dn

If g and r are characteristics of representations of S;; and S, respectively, they yield
a representation of the wreath product S,[S,] in a natural way, with the property
that when this representation is induced up to S, its Frobenius characteristic is the
plethysm g[r|. For more background about this operation, see [1]. We will make exten-
sive use of the properties of this operation, in particular the fact that plethysm with a
symmetric function r is an endomorphism on the ring of symmetric functions [1, (8.3)].
See also [4, Chapter 7, Appendix 2, A2.6]. Define the symmetric functions

H=)Yh, E=) e¢; (2.3)

i>0 i>0
Lie = Z Lie;; Conj = Z Conyj;. (2.4)
i>1 i>1

We collect some of the key tools used to establish our results.
Let 1(n) be any real-valued function defined on the positive integers. Define symmet-

ric functions f, by f, = % Ydln l[)(d)pg, and the associated polynomial in one variable, ¢,

by fult) = - T $(d)t1.

Theorem 2.1. [7, Theorem 3.2] Let F = }_,~1 fu where f, is of the form described above, H(v) =
Y >0 0" hy and E(v) = Y5 v"e,. We have the following plethystic generating functions:

H()[F] = [T - pw) @ (2.5)
m>1

E@)[F] = [T = pm)/2 (2.6)
m>1

The plethystic formulas in this abstract are also consequences of the following propo-
sitions:

Proposition 2.1. Let F = ), fu, G = 1+ },,>1 §n be formal series of symmetric functions,
as usual with f,, g¢n being of homogeneous degree n. Then

HF%:G<:>EFF=J;]=(%>KH

Hence the exterior power of the series F may also be obtained as the symmetric power of another
series, namely, the plethysm
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F _ _ H[F]
}=ElF = HE )

In particular if F is Schur-positive, then so is i
Glp2]

Proposition 2.2. [8] The following pairs are plethystic inverses:

Y. g(n)pnand Y g(n)pu(n)pn,

n odd n odd

for any function g(n) defined on the positive integers, such that g(mn) = g(m)g(n);

Z Liey, and — = Z

n>1 n>1

Y. (—1)"'w(Lie,) and H — 1
n>1

3 A formula for [],cr(1 —p,)~

2.7)

(2.8)

(2.9)

In this section we explore, for a fixed subset T of positive integers, the sum of power
sums resulting from the product [T,c7(1 — py)~!. (This product is 1 if T is the empty

set.)

Definition 3.1. Fix a nonempty subset T of the positive integers. Define, on the set of positive

integers, a function ! by ¢ (d) = Ym|d,meT M U (%) .

Definition 3.2. For each nonempty subset T of positive integers, define a sequence of (possibly

virtual) representations indexed by the subset T, with Frobenius characteristic
= YT @pd,
dm
Set FT =Y, <1 f}. Finally let pT = ¥,.c1 pa.
These definitions imply:

Lemma 3.1. ! (1) = 1ifand only if n € T, and £ (1) = 0 otherwise.

Proof. Let us write (m € T) for the indicator function of the set T, so that 6(m € T) =1

if m € T, and is zero otherwise.
By definition of 1T, we have

Zy )do(deT).
d|n
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Hence Mobius inversion gives

s(neT)=3 y'(d)=nf,(1),

dln
ie. fI(1) =6(n € T) as claimed. O
With this lemma and Theorem 2.1 in Section 2, we can prove:

Theorem 3.1. Let T be a nonempty subset of the positive integers. Then:

HIFT =10 =pu)"" (3.1)
neT
FT = pT[Lie] = Z Lie[py], or equivalently fI = Z Lzen [Dm]. (3.2)
meT m€|T
min

If GT = Y0 Ler Lie[p,,. o], then
E[G" =T —pn)~" = H[F]. (3.3)

neT

Corollary 3.1. If either FT or GT is Schur-positive, then so is

H(l_Pn = ZP)\

neT A€Par
)\l‘GT

Recall from [5] the following definitions:

Definition 3.3. Let S = {q1,...,qx, ...} be a set of distinct primes. Every positive integer n
factors uniquely into n = Qnly where Qn = e q°") for nonnegative integers ag(n), and
(n,q) = 1 forall g € S. We associate to the set S two symmetric functions, defined as follows.
Foreachn > 1:

LY pdyp] with y(d) = p(Qu)pu(La), and (3.4)
d\n

L= Y p@pl  with $(d) = p(La)n(Qu). (3.5)
d|n

Note that L§ = LT where T is the set of primes not in S.

Theorem 3.2. [5, Theorem 3.2], [8, Theorem 3.1, Definition 3.2] The symmetric functions L,Sl
and L3, are Frobenius characteristics of true Sy-modules, and are thus Schur positive.
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(9)

When S consists of a single prime {g}, we write L;, = Lie,” . The particular case g = 2
was investigated extensively in [5] and [8]. In that case, the S;,-module Lie,(f) was shown

to have remarkable properties closely parallelling those of the Lie representation.

We illustrate Theorem 3.1 and the functions f;/ by examining the following special
cases:

1. If T = {1}, then ¢T(d) = u(d) and f corresponds to the representation Lie,.
In this case (3.1) of Theorem 3.1 gives the classical result of Thrall and Poincaré-
Birkhoff-Witt [2]:

H[Lie] = (1—p1)~",
and (3.3) gives the surprising exterior power analogue for the variant S,-modules
Lie,(qz) studied in [5] and [8]:

E[Lie®] = (1—p1) "

2. If T is the set of all positive integers, then 7 (d) = ¢(d) by Mobius inversion of the
well-known identity m = Yy, $(d). Thus f¥ is the characteristic of the conjugacy

action on the class of n-cycles 1 Ta, ie. fI = Conj,. Now (3.1) of Theorem 3.1
reduces to a theorem of Solomon [3]:

H[Conjl =] —pa)"' = Y pa

n>1 AFn,n>0

Also (3.3) reduces to a result of this author, first proved in [7], implying Schur
positivity of the right-hand side below:

ElConjl= J] (—pu)'= Y pa-
n>1,n odd AFn,n>0,A; odd

3. Fix a set S of primes. Let T be the set of all integers whose prime factors are all
in S. Then clearly if d € T, ' (d) = ¢(d) by the identity used above. Otherwise
d = Qgzl; with Q; € T and ¢; relatively prime to Q; and also relatively prime to
all integers in T. Hence, since y is multiplicative, Definition 3.1 gives

pi(d) = Y mu(Qa/m)pu(la) = p(la) - Y mpu(Qa/m) = p(La)yp" (Qa),

meT meT
Since Q € T, we obtain ¢T (d) = u(¢;)¢(Qq4), which is precisely the formula given
by (3.4). Thus fI = L;. Setting L = ¥~ L}, and defining P(S) to be the set of
positive integers whose prime factors are a subset of S, (3.1) becomes the result of
[8, Theorem 3.5], again establishing Schur positivity of the sum on the right. (Note

that 1 € P(S).)
HLl= ] Q=p)'= Y pa
neP(S) AE€Par:A;€P(S)
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From Theorem 3.1 and the preceding observations, we have the following decompo-

(q9) :

sitions of the representations Conj,, Lie,

Theorem 3.3.

Y pum[Lie) = Y Conjy; (3.6)
m>1 n>1
Y. pm =Y Conjul}_(=1)""e/] (3.7)
m>1 n>1 r>1

The plethystic inverse of Conj is

(Y Conjiu) ™1 = Y (=1)" e[} u(n)pa)- (3.8)

n>1 r>1 n>1

Let q be prime, and let n = £g* where (¢,q) = 1. Then

Liel! 2 Lieggerpy]- (3.9)
The plethystic inverse of Lie(?)
Y (Lieg) "1 = Lie D py — pgl = (X (=1 er)[p1 — pql. (3.10)
n=1 r>1

Computations for g = 2,3,5 (verified for n < 32, n < 27 and n < 25 respectively)
support a curious conjecture on the partial sums in (3.9):

Conjecture 1. Fix a prime q and n = £q* where (q,¢) = 1. Define W; = Y _, Lieggr—+[pgr]-
Then W; is Schur-positive for all i = 0,...,k. Note that the W; are all modules of dimension
(n —1)!, and Wy = Liey,, while Wy, = Liel?.

The construct of Definition 3.2 allows us to remove the restriction that g be prime, as

follows. Let k > 2 be any positive integer, and take T to be the set of all nonnegative
powers of k. In this case Theorem 3.1 gives

HY f1=T10-pe)t, Y fa =Y pellie]. (3.11)

n>1 r>0 n>1 r>0

By inverting this equation plethystically, we obtain the recurrence

Lie, + fi[px], k|n;
Fork > 2, f,f:{le” felpd, Kl (3.12)

Lie,, otherwise,

However computations show that for k = 4, fnT is not Schur-positive when n = 4, 16,
and the degree 16 term in the product [],>¢(1 — pa)~! is not Schur-positive. In both
cases it is the sign representation that appears with coefficient (—1).
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Conjecture 2. For any ODD positive integer k, f,I as defined above is Schur-positive.
Conjecture 3. The product [T,50(1 — pgr) ™! is Schur-positive for any ODD positive integer k.

Fix k > 2 and consider the subset T = {1, k}. It was shown in [7, Theorem 4.23] that
the symmetric function
Wn,k = Z Pu

uFn,u;=lork
is Schur-positive. Define Wy = 1. Then

Z Wik = H(l - pn)_l =(1- Pl)_l(l _ pk)_l-

n>0 neT

For k = 1 we set W,,; = pf for all n > 0, so that the preceding equation reduces, as
expected, to

Lnz0 Waa = TTher(1— pe) ' =1 —p)"
Proposition 3.1. If T = {1,k} and k > 2, then

(3.13)

T Lie, + Liexn[pil, kln;
Lie,, otherwise,

and hence Y0 Wy x = H[Y >0 fiF]-
If k is prime, then f,;{l’k} = ch(exp #iZ)
defined by (3.13) is Schur-positive.

Sn

. = K,gk), and hence the symmetric function

Proof. Equation (3.13) is immediate from Theorem 3.1. Now let k be prime. It was shown
in [7, Lemma 5.5, Theorem 5.6] (see also Theorem 3.6 below) that the following identity

holds:
27tik

2 pa :H[Z Ch(exp( ) Téi)”degn/
AP =1k m>1
and thus the left-hand side is precisely p! for k prime and T = {1,k}. But H — 1 is
invertible with respect to plethysm (see Proposition 2.2), so H[F] = H[G] if and only if

F = G. Hence f,/ must coincide with E,gk) — ch(exp 2k7) TC O

n

Computations indicate that

Conjecture 4. fil’k} is Schur-positive for k = 2 and for all odd k > 3. (This is trivially true if
k=1.)
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When k is even and not equal to 2, this fails. For instance, if n = k = 4m, it is easy
to see that Liey, + pa, contains the sign representation with coefficient (—1). However
we have H[F{%}] = (1 — p1)~1(1 — p)~?, which we know to be Schur-positive from [7,
Proposition 4.23]. This example shows that it is not always possible to write a Schur pos-
itive sum of power sums as a symmetrised module over a sequence of true S,-modules,
since Liey + py fails to be Schur-positive when k is even.

Theorem 3.4. Let k > 2and T = {n : n < k}. Then

k k

= ) Lieglpu] and  [T(1—pa)™" = HIL fy]. (3.14)
m=1 n=1 n
m|n

Corollary 3.2. Let T = {n:n <k}, k > 2. If nis prime, or n =k, or n > k and n is such that
its greatest proper divisor is at most k, then f,l is Schur-positive.

Conjecture 5. (See also [7, Conjecture 1].) fil""’k} is Schur positive for all n and k, and hence
sois [T6_1(1—pn)~ .

Theorem 3.5. Let k > 2 and T = {n : nlk}. Then
fr= ) Lien [pm] and [Ta—-pa)~ H[Zf,;‘r]
n

m|(k,n) n|k

For k > 2 recall from Proposition 3.1 that E,gk) denotes the characteristic of the Foulkes
character ch (exp (%) T ).

Theorem 3.6. [/, Lemma 5.5, Theorem 5.6] The following sum is Schur-positive:

Z p/\—H[Zg ’degn

Abn:A;)k m>1
In particular we immediately have

Corollary 3.3.
0% = chexp(2ir - k/n) t = ), Liexs[pu].

m|(k,n)

Hence we have the following curious decomposition of the regular representation
into virtual representations:

Corollary 3.4.
n
pi = Z:l Z Lien [pm] =) d Lieg[p % (3.15)
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Proof. The first sum can be rewritten as

Z i Lie%[Pm] = Z z Lie%[pm].

n
mln =1 m|n
k=rm<n

The result now follows from the well-known decomposition [2, Theorem 8.8] p} =
Y1 E,(qk) of the regular representation, and the preceding corollary. O

Theorem 3.7. Let T = {n : n = 1mod k}. Then

fo= ) Lies[pw] and [T (1—pa)~' =H_fi]-

m=1mod k n=1modk
m|n
After seeing an early version of [7], Richard Stanley made the following conjecture,
verifying it for n <24 and k < 6.

Conjecture 6. (R. Stanley, 2015) [T,=1 modx(1 — pn) " is Schur-positive for all k.

Note that Conjecture 6 holds for k = 2. We have two different ways of identifying the
associated S,,-module.

Theorem 3.8. [7], [5] and [8, Corollary 3.11]

[T (—pa)'=E[Conj] = HL?].

n=1mod 2

The equivalence of the two plethystic expressions is a consequence of Proposition 2.1

in Section 2. In this case, writing p°39 for Y, .44 P, We have the identity p°d¢[Lie] = L®,
and hence:

Theorem 3.9. ¥,,o4a Liex [p] = p°d]

Lie]|geg n is Schur-positive; it is the Frobenius charac-
m|n

teristic L of the representation exp(2irtl/n) Té’;, where n = 2 - £ and ¢ is odd.

Proof. This is clear by using (2.8) of Proposition 2.2 since the symmetric powers of the
two modules coincide, both being equal to [, oqq(1 — pn) ! O

The module Lie,gz) whose many intriguing properties are described in [5] and [8],

makes an appearance in the decomposition of the module Conj, of the conjugacy action
on the class of n-cycles as well. In fact Theorem 3.3 leads to several different decompo-
sitions of Conj,, some of which we collect in the following:
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Theorem 3.10. For any prime q, we have

Y Conj, = Y. pu[Liel)], (3.16)

n
q does not divide n

and hence the sum on the right is Schur-positive.
In fact for any positive integer q we have

Y _ Conj, = Y. pul ) Lie[py]]. (3.17)

n >
q does not divide n k=20

4 Reverse Lexicographic Order

The previous sections focused on sums of power sums for partitions with restricted parts.
In our original paper [7], however, other families of sums were considered, and shown
to be Schur positive by identifying the sum as the characteristic of actual S;-modules.
In this section we describe partial progress on a conjecture of [7]. More details and a
numerical analysis of the number of such Schur positive families can be found in [9].

Recall that the reverse lexicographic order on partitions is defined as follows [1, p. 6].
For partitions A, u of the same integer 1, we say a partition A is preceded by a partition
 in reverse lexicographic order if A1 > puj or there is an index j > 2 such that A; = y;
for i < jand A; > p;. Thus for n = 4 we have the total order (1*) < (2,12) < (2?) <
(3,1) < (4). In particular our convention is that the minimal and maximal elements in
this total order are (1") and (n) respectively.

Conjecture 7. [7, 9, Conjecture 1] Let L, denote the reverse lexicographic ordering on the set
of partitions of n. Then the sum of power sum symmetric functions ) p,, taken over any initial
segment of the total order L,, i.e. any interval of the form [(1"), u| for fixed u, (and thus
necessarily including the partition (1")), is Schur-positive.

We are able to prove the following special cases of this conjecture.

Theorem 4.1. [9, Theorem 18, Theorem 23, Proposition 36] The symmetric function 1, =
Y(1m)<r<u Pa 18 Schur-positive if p < (3,1"3) or u > (n — 4,1*) in reverse lexicographic
order, and also if u = (3, 2k 1") fork>1and 0 <r <2,

By a theorem of Solomon [3], Yy = Pn is the Frobenius characteristic of S, acting
on itself by conjugation. The proof for the Schur positivity of ¥, when yu lies in the
interval [(17), (3,1"73)] relies on some interesting symmetric function identities that we
believe are new. The other half of this theorem is established by using bounds on the
multiplicity of the irreducibles occurring in . Specifically, we use
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Theorem 4.2. [6, Theorem 5.1] Let n # 4,8. Then the conjugacy class indexed by a partition A
contains all irreducibles if and only if A has at least two parts, and all its parts are distinct and
odd. If n = 8, the conjugacy class indexed by (7,1) contains all irreducibles, while the class of
the partition (5,3) contains all irreducibles except those indexed by (4%) and (2*).

This in turn allows us to establish the following bounds:

Lemma 4.1. [6, Lemma 2.6] Let n > 5. Let do,, denote the number of partitions of n with at
least two parts and with all parts odd and distinct. In the conjugacy representation ¢, every

4+ doy, dad; .
irreducible except possibly the sign occurs with multiplicity at least A0, 10 This
3 +do,, n even.

number is at least 5 for odd n > 7, and at least 4 for even n > 6.

The proof of Theorem 4.1 then proceeds by a careful (and tedious) analysis showing
that the multiplicity of any irreducible in ¢, cannot exceed the above bounds in absolute
value. In contrast to the previous proofs of Schur positivity, we are unable to identify
a representation-theoretic context for this symmetric function. It would of course be of
interest to find such a context.

Finally, we remark (see [9]) that it is easy to find counterexamples showing that the
analogous conjecture is false for dominance order.
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