SKEWPOLYNOMIALS AND EXTENDED SCHUR FUNCTIONS

SAMI ASSAF University of Southern California, [DOMINIC SEARLES' University of Otago

ABSTRACT KOHNERT POLYNOMIALS AND KOHNERT BASES

Using Kohnert’s algorithm, we associate a A Kohnert move [5] on a diagram moves the rightmost cell of a given row to the first available
polynomial to any cell diagram in the positive position below, jumping over other cells in its way as needed. Given a diagram D, let KD(D)
quadrant, simultaneously generalizing Schu- denote the set of all diagrams that can be obtained by applying a series of Kohnert moves to D.
bert polynomials and G'L,, Demazure charac-
ters. We survey properties of these Kohnert
polynomials and their stable limits, which are wt(T)
quasisymmetric functions. As a first applica- Rp = Z . |
tion, we introduce and study two new bases TeRD(D)

of Kohnert polynomials, one of which stabi-
lizes to the skew-Schur functions and is con-
jecturally Schubert-positive, the other stabi-

lizes to a new basis of quasisymmetric func- ka ks .
tions that contains the Schur functions.

Definition 1. The Kohnert polynomial indexed by D is

For example, below is a cell diagram D (leftmost) and all Kohnert diagrams ot D.

X x | % x| x | x x | x | x x | x

Then ﬁD _ $121 1 $211 e xSOl € $31O € 33.220.

QUESTION

What choices of cell diagrams of weight a
yield interesting

Any choice of diagram of weight a, i.e., with a; cells in row i, gives a basis of the polynomial
ring. We call bases arising in this manner Kohnert bases. For example, Kohnert proved [5] that
when D is lett-justified, Kp is a key polynomial (Demazure character).

o Kohnert bases of polynomials? | | | o
Theorem 3. [3] Given any set of diagrams {D,}, one of weight a for each weak composition a, the
e quasisymmetric stable limits? corresponding Kohnert polynomials {Rp_ } form a basis of the polynomial ring.

STABLE LIMITS LOCK POLYNOMIALS AND EXTENDED SCHUR FUNCTIONS

The monomial slide polynomials [1] form a The lock diagram (I(a) is the right-justified diagram of weight a. the corresponding Kohnert

basis of polynomials. Their stable limits are | | basis is the lock polynomials. Their stable limits are the extended Schur functions &,
the monomial quasisymmetric functions [4].

Theorem 4. [3] Extended Schur functions are a basis of quasisymmetric functions that contains the Schur
Theorem 1. [3] Kohnert polynomials expand | | functions.

nonnegatively in the monomial slide basis. o
Definition 3. [3] The standard extended tableaux of shape o, denoted SET(«), are the bijective

Define the stable limit p of &p by fillings of @ («) with 1,2, ..., n such that entries in each row decrease from left to right and entries

in each column decrease from top to bottom.
M—00 For example, the standard extended tableaux of shape (2,1, 2) are

where 0™ x D is D shifted m rows upwards.

5 | 4 5| 4 53
Corollary 1. [3] The stable limits of Kohnert poly- 3 2
nomials are quasisymmetric (and expand nonneg- 2|1 3|1 4|1

atively in monomial quasisymmetric functions). .
Theorem 5. [3] For a a (strong) composition, we have

Theorem 2. [3] The stable limits of Kohnert
polynomials expand nonnegatively in fundamental Ea(X) = Z Fpes(T)(X).
quasisymmetric functions. TESET(a)

SKEW POLYNOMIALS AND SKEW-SCHUR FUNCTIONS

SOUTHWEST DIAGRAMS

Definition 2. A diagram D is southwest it Another Kohnert basis is given by the skew polynomials { 85 (,) }; the Kohnert polynomials of the
whenever (ro,c1), (r1,c2) € D, where r; < ro skew diagrams S,. The skew diagram S(1, 0, 3,2, 0, 3) is shown below.
and c¢; < ¢g, then (rq,¢q) is alsoin D.

x | x| %
The diagram on the left is not southwest,
while the diagram on the right is. X | X
XXX

x | % X | % X

Theorem 6. [3] Skew polynomials expand nonnegatively in key polynomials, and their stable limits are
<[x] [x the skew-Schur functions.

X

Conjecture 1. Given a southwest diagram D, the | | Skew diagrams are southwest, which fits with Conjecture 1.

Kohnert polynomial Kp expands non-negatively

into key polynomials. Conjecture 2. Skew polynomials expand nonnegatively into Schubert polynomials.
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