
rep(UT;AG) ∩ rep(U;NP) =
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rep(UTn;NP)
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UP = {f : {i ≺P j} → Fq}
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rep(UT;AG) ∩ rep(U;NP)
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A supercharacter theory of a group 
G is a set of characters Ch that are 
. orthogonal (w.r.t. the usual inner product)
. the vector space spanned by Ch
.. contains regular character
.. forms an algebra under point-wise multiplication.

Remark. Under these conditions there is a unique partition 
Cl of G (whose blocks are called superclasses) satisfying  

= C-span{Ch}.
<latexit sha1_base64="HcuyRbqyqjEkkYMSPDyGKv2C5+Q="></latexit>

P
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(f ◦ g)(i, k) =
∑

i≼j≼k

f(i, j)g(j, k)
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Normal lattice supercharacter theory. Given a sublattice L of the lattice of 
normal subgroups of G, we obtain a supercharacter theory such that

relate the three canonical bases

(1)

(2)

(3)

Remark. In fact, the identities

for           .

a poset     , letR
<latexit sha1_base64="lLxMnM2rzTzI1DYmUwcVEHSE1Jw="></latexit>

NP = {UP ▹ UR}
<latexit sha1_base64="GZsnxOBBTeU567NZ2EDQQzEiBxM="></latexit>

A lattice for pattern subgroups. Given 

. UT4<latexit sha1_base64="DmQ7vAo6xHQ55T8cHH+rUXigz3o="></latexit>

rep(U;NP) =
⊕

n≥0

⊕

R poset of
{1,2,...,n}

rep(UR;NP)
<latexit sha1_base64="PkI+smPeYKSqLUgSuZVUR5GgRpA="></latexit>

Let 

with product

and co-product
ψ · θ = InfUR.Q

UR×UQ
(ψ ⊗ θ)
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θ ∈ rep(UQ;NP)
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∆(ψ) =
∑

A⊆R
ResUR

URA×URĀ
(ψ)
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Remarks. Andrews first defines this Hopf structure, which may also be realized 
as a Hopf monoid.  However, Andrews did not have the general lattice theory at his 
disposal and used only two canonical bases.  The Hopf algebra

Thm (AIMS—BEST—NO—END—
GRINNING—NINNIES) Thm (A—T)

=
⊕

n≥0

NCSymn

<latexit sha1_base64="TRUdHFWQAmPGtL+PSYv4GBBKM7k="></latexit>

m
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1  2  3  4  5
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X2<latexit sha1_base64="Zz4WLPXqf0+e6PcTi+lxIYJJt28="></latexit>

X2<latexit sha1_base64="Zz4WLPXqf0+e6PcTi+lxIYJJt28="></latexit>

X3
<latexit sha1_base64="LsLNO6RI3xbrMeJ5XVv1gpmAQEI="></latexit>

+ · · ·
<latexit sha1_base64="WXMC4GzkR1R/kUELC0YX9EuIbJ8="></latexit>

δλ
<latexit sha1_base64="aGaSs5xtUQiyYjSuMWT/DdOVAVQ="></latexit>

=<latexit sha1_base64="B9BiEfyzPwrRizcMZmbfYS2Ac1o="></latexit>

C-span{mλ | λ a set partition of {1, 2, . . . , n}}
<latexit sha1_base64="wBdMVgckETGKRunyyKnKSONy7hc="></latexit>

.

rep(UT;AG) =
⊕

n≥0

rep(UTn;AG)
<latexit sha1_base64="DTaCRv6M2i+xFJMrp6VS1SH4ftM="></latexit>

with                                                                                  .

superclasses indexed 
by set partitions of 

superclasses indexed by 
non-nesting set par-
titions of {1,2,…….,n}           {1, 2, . . . , n}

<latexit sha1_base64="dVfRXR1sYCnNLmLW9yb6jFDCXGY="></latexit>

{1, 2, . . . , n}
<latexit sha1_base64="dVfRXR1sYCnNLmLW9yb6jFDCXGY="></latexit>

δµ
<latexit sha1_base64="9TbMTzjne3nZHY68wYquakGWcKQ="></latexit>

∑

nn(λ)=µ

mλ

<latexit sha1_base64="Ziyefhfldw8rLsOD4ViT7I8MbNA="></latexit>

IndUTn

Uµ
(11)

<latexit sha1_base64="IXirWb5veEAVdXLGEOLQEqt+Hbo="></latexit>

|UTn|
|Uµ|

pµ
<latexit sha1_base64="+xJc6gIWa0SsEEeRT+WqZcrcFbE="></latexit>

χµ
<latexit sha1_base64="yAzNsknZQ6UdCZkozmhJsHFg450="></latexit>

we have explicit 
        formulas for the  
               Hopf structure  
                      of these bases

pµ =
∑

λ≽µ

mλ

<latexit sha1_base64="S0aCQQKVaDFSi08FVAdalUFgWO4="></latexit>

=<latexit sha1_base64="B9BiEfyzPwrRizcMZmbfYS2Ac1o="></latexit>

no symmetric function 
interpretation

we classify the primi- 
     tives and give structure    
         constants for the  
                  canonical bases

superclasses indexed  
    by certain pairs of po- 
          sets (where one gives a       
                  normal subgroup of  
                        the other)

new basis?

[Novelli—Thibon]

nn(λ) =
keep only the smallest
arc in nested arcs of λ

<latexit sha1_base64="s29DYQtlQh2DyweSZ8RLq2utFOw="></latexit>

rep(G; L) := C-span{Ch} = C-span{IndGN(11) | N ∈ L}.
<latexit sha1_base64="x4al+1Ut9b20J4LGiWtl23LD3VI="></latexit>

IndGN(11) =
∑

O⊇N
χO =

|G|
|N|

∑

M⊆N
δM

<latexit sha1_base64="rTAlbGkjmNcQh3ziyxukfTNLCoA="></latexit>

δN(g) =

{
1 if g ∈ N, g /∈ M ! N,
0 otherwise.

<latexit sha1_base64="s6GoyVq+FGhi04nqjTRZGKgA3B4="></latexit>

rep(G;Cl) := {ψ : G → C | ψ constant on the blocks of Cl}
<latexit sha1_base64="05CbADzXJMPSiHrSjRmdrhgSvi0="></latexit>
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N ∈ L
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χN ∈ Ch
<latexit sha1_base64="rx1BvUtol12x6fWuBv1iT1l28Co="></latexit>

Pattern groups

,
,

,


