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Objectives

The multiplicity of a point on a Schubert variety is a positive integer which
depends on two elements of the Weyl group. What is a combinatorial formula
for this number? We give an answer for vexillary Schubert varieties in the
symplectic flag variety.

Previous research

• Schubert varieties in Grassmannian [4]
•Vexillary Schubert varieties in flag variety [5]
• Schubert varieties in Lagrangian Grassmannian [2][3]

Basic Notation

•Wn
∼= Sn o {±1}n, the group of signed permutations.

•V = C2n with a non-degenerate skew symmetric bilinear form 〈·, ·〉.
•FlCn = {E• | E• : En ⊂ · · · ⊂ E1 ⊂ V of isotropic subspaces, dim Ei = n+1− i}.

Vexillary Signed Permutations and Schubert Varieties

A triple is τ = (k,p,q) where k : 0 < k1 < · · · < ks, p : p1 ≥ · · · ≥ ps > 0,
and q : q1 ≥ · · · ≥ qs > 0 satisfy (pi − pi+1) + (qi − qi+1) > ki+1 − ki for all
i = 1, . . . , s− 1.

We can construct w ∈ Wn from a triple τ in a certain way.

A signed permutation w ∈ Wn is vexillary if it can be constructed as w = w(τ ),
for some triple τ .

The Schubert variety Ωw is defined by rank conditions for a general permuta-
tion w ∈ Wn. It has codimension `(w) in the symplectic flag variety.

The Schubert variety associated to a vexillary permutation w is defined by
Ωw = {E• | dim(Epi ∩ Fqi) ≥ ki for i = 1, . . . , s} ⊆ FlCn ,

where F• is a fixed isotropic flag.

Example

w = 1̄ 2̄ 3 4 5̄
5̄ 4̄ 3̄ 2̄ 1̄

5̄

4̄ •
3̄ •
2̄

1̄ e3

1 e2 •
2 •
3

4 e1

5 •

The essential set Ess(w) corresponding to a vexillary signed permutation w
consists of the southeast corners of the diagram; it gives a minimal list of
rank conditions [1]. In the above example, it is the boxes labelled e1, e2 and e3

Hilbert-Samuel Multiplicity

Let X be an algebraic variety containing a point p. Let R = OX,p be the local
ring of X at p with the maximal ideal m.

The Hilbert-Samuel polynomial of R is for n� 0

PR(n) = dimC(R/mn) = (m/d!) xd + · · · ,
where d = dim R, m ∈ Z>0.

The Hilbert-Samuel multiplicity of R is
multp(X) = m

Inner and Outer Shapes

We define strict partitions by vexillary permutation w and signed permutation
v such that v ≥ w. Let rw(e) count the dots in the north-west corner of e of the
diagram associated to w.

Shape of a vexillary permutation
λ(w)

•Obtain the box e′ by moving
diagonally north-west by rw(e)
units for each e ∈ Ess(w)

•Denote λ by the smallest shifted
diagram containing all the e′

with e ∈ Ess(w).

Outer shape µ

•Obtain the box e′ by moving
diagonally north-west by rv(e)
units for each e ∈ Ess(w)

•Denote µ by the smallest shifted
diagram containing all the e′

with e ∈ Ess(w).

Example

We describe λ(w) and µ from w and v as follows:

Shape of a vexillary permutation

w = 1̄ 2̄ 3 4 5̄

5̄ 4̄ 3̄ 2̄ 1̄

5̄

4̄ •
3̄ e′3•
2̄ e′2
1̄ e3

1 e2 •
2 •
3

4 e1

5 •

λ = (9, 3, 1).

Outer shape

w = 1̄ 2̄ 3 4 5̄, v = 2̄ 3̄ 4̄ 1 5̄

5̄ 4̄ 3̄ 2̄ 1̄

5̄

4̄

3̄

2̄ e′3
1̄ • e′2 e3

1 e2

2 •
3 •
4 e1 •
5 •

µ = (9, 4, 3, 1).

Excited Young Diagram

Given two strict partitions µ and λ, let Eµ(λ) be the set of diagrams that is
obtained by the following successive applications of elementary excitations.

 ,  ,

By successive applications of elementary excitations, we obtain the multiplic-
ity of the Schubert variety Ωw in Lagrangian Grassmannian at the point ev.
[3]

Example

w = 1̄ 2̄ 3 4 5̄, v = 2̄ 3̄ 4̄ 1 5̄.

⇒ multev(Ωw) = 6

Theorem on Multiplicity

Let w be vexillary and v ∈ Wn such that w ≤ v. For λ = λ(w)
and µ from the pair (v, w), the Hilbert-Samuel multiplicity is
given by

multev(Ωw) = #Eµ(λ).

Our proof reduces to the (Lagrangian) Grassmannian case, and also gives a
new and simple argument for the type A case considered by Li-Yong.

Future work

Extend the result to the other type B and D.
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