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ABSTRACT
We generalize Young’s lattice on integer partitions to a new partial order on weak compositions
called the key poset. Saturated chains in this poset correspond to standard key tableaux, the com-
binatorial objects that generate the key polynomial basis for the polynomial ring, a generalization
of the Schur basis for symmetric functions. Generalizing skew Schur functions, we define skew
key polynomials in terms of the poset, and, using weak dual equivalence, we give a nonnegative
weak composition Littlewood–Richardson rule for the key expansion of skew key polynomials.

MAIN RESULT
We define skew key polynomials for weak
compositions a ≺ d in the key poset. Then

κd/a =
∑
b

cda,bκb

where cda,b are nonnegative integers.

YOUNG’S LATTICE
Young’s lattice is the partial order ⊆ on parti-
tions given by containment of diagrams, that
is λ ⊆ µ if and only if λi ≤ µi for all i.

∅

The cover relations for Young’s lattice are
λ≺·µ if and only if µ is obtained from λ by
adding a single box to the end of a row for
which the higher row is strictly shorter.

KEY POSET
The key poset is the partial order ≺ on weak compositions of length n defined by the relation
a � b if and only if ai ≤ bi for i = 1, 2, . . . , n and for any indices 1 ≤ i < j ≤ n for which bj > aj
and ai > aj , we have bi > bj . This is not equivalent to containment of diagrams.

∅

The cover relations for the key poset are a≺· b if and only if b is obtained from a by incrementing
aj by 1 where for any i < j we have ai 6= aj + 1.

SCHUR FUNCTIONS
A standard Young tableau of shape λ is a

bijective filling of λ with 1, 2, . . . , n such that
row entries increase left to right and column
entries increase bottom to top.

A standard Young tableau is equivalent to
a saturated chain in Young’s lattice.
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The skew Schur function indexed by λ ⊂ ν is

sµ/λ(X) =
∑

T∈SYT(ν/λ)

FDes(T )(X)

where Fα(X) is a fundamental quasisymmet-
ric function [5]. For example,

s(2,1)(X) = F(2,1)(X) + F(1,2)(X).

KEY POLYNOMIALS
Definition 1 ([3]). A standard key tableau is a bijective filling of a key diagram with 1, 2, . . . , n
such that rows weakly decrease from left to right, and if some entry i is above and in the same
column as an entry k with i < k, then there is an entry j immediately right of k and i < j.

Theorem 1 (A.-vW.[2]). Saturated chains from ∅ to a in the key poset are in bijection with standard key
tableaux of shape a by the correspondence placing n− i+ 1 into the unique cell of a(i)/a(i−1).
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The key polynomial indexed by a is

κa =
∑

T∈SKT(a)

Fdes(T )

where Fa is a fundamental slide polynomial
[1]. For example,

κ(0,2,1) = F(0,2,1) + F(1,2,0).

Using the key poset we define skew key poly-
nomials for weak compositions a ≺ d by

κd/a =
∑

T∈SKT(d/a)

Fdes(T ).

This generalizes the flagged skew Schur poly-
nomials studied by Reiner–Shimozono [6].

SCHUR POSITIVITY
Definition 2. The Littlewood–Richardson co-
efficients cνλ,µ are given by

sν/λ(X) =
∑
µ

cνλ,µsµ(X)

Theorem 2. For all λ, µ, ν, we have cνλ,µ ∈ N.

One of myriad proofs uses dual equiva-
lence [4] to consolidate skew standard Young
tableaux into equivalence classes, each corre-
sponding to a single Schur function.

KEY POSITIVITY

Definition 3. The weak composition Littlewood–Richardson coefficients cda,b are given by

κd/a =
∑
b

cda,bκb

Theorem 3 (A.-vW. [2]). For a ≺ d in the key poset, we have cda,b ∈ N for all b.

Our proof utilizes weak dual equivalence [3] to consolidate skew standard key tableaux into
equivalence classes, each corresponding to a single key polynomial.

Moreover, this result is tight. We could define skew key polynomials for any a ⊂ d.
Theorem 4 (A.-vW. [2]). For a ⊂ d s.t. a 6≺ d in the key poset, cda,b < 0 for some weak composition b.


